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Integral Garis

If F; has a component

P in the x-direction
Q in the y-direction

then the work done from K to L
X can be stated as Pdx + Q dy.

- LEFt J (Pdx + Qdy)

where P and Q are functions of x and y.

In general then, the line integral can be expressed as
¢ C

where c is the prescribed curve and F, or P and Q, are functions of
x and y.



Contoh 1:
Evaluate [ (x+3y)dx from A (0,1) to B (2,5) along the curve

C

y=1+2,

y : g The line integral is of the form
5 ——————— ——

|

; me+Q®)

C
1 { where, in this case, Q=0 and c is the
0 Jz - curve y =1+ x2.
1

2

1=Jc(de+Qdy)=L(x+3y)dx=J0 (x+3 + 3:2) dx

x? 2
= [—+3x+x3] =16
2 0



Contoh 2 :
Evaluate [ = l (xt+y)dx+ (x-y*)dy from A (0, 2) to B (3, 5) along

C
the curve y =2+ x.

1=J (Pdx +Qdy)

P=x*4+y=x>+24+x=x>+x+2
Q=x—p*=x— (44 4x+x?
e

=—(x2+3x+4) O ; 2 3 X

Alsoy=2+x .. dy =dx and the limits are x =0tox = 3.

I:JE{[12+1+2}dx—(x2+3x+4]dx}

0

E —(2x + 2)dx ={x3 + zx]} -15



Contoh 3:

Evaluate I =J {(x* + 2y)dx + xydy} from O (0, 0) to A (1, 0) along

C

line y = 0 and then from A (1, 0) to B (1, 4) along the line x = 1.

y (1) OA: ¢, is the line y=0 .. dy=0.
Substituting y =0 and dy =0 in the
given integral gives

1 x31
I0A=J x2dx = [—-—] —
0 3o

| =




(2) AB: Here ¢; isthe linex=1

r-
Inp — JD {(1 + 2y)(0) + y dy)

1.* d-x

I
=




Integral Garis pada lintasan eecs
kurva tertutup 2
4

Positive direction (anticlockwise) line integral
denoted by *

O —_—

X

y C
Negative direction (clockwise) line integral
denoted by — §




Integral Garis pada lintasan

kurva tertutup :

With a closed curve, the y-values on the path ¢ cannot be single-
valued. Therefore, we divide the path into two or more parts and treat
each separately.

y 4 M y=hH(x)
P
{/// B B
A | A e
l | Mg 2@t
| L | y=Ff(x) : :
1 X2 X X X2 X

(1) Use y = f1(x) for ALB (2) Use y = f(x) for BMA.



Contoh 1:
Evaluate the line integral | = 4» (x* dx - 2xy dy) where ¢ comprises the

C

three sides of the triangle joining O (0, 0), A (1, 0) and B (0, 1).

C1q 1 X

(a) OA: c;istheliney=0 .. dy=0.

Then I = %(xz dx — 2xy dy) for this part becomes

1 311
o FPdae L 5 gyl
II—JOX dX—[3]0—3 ..11—3



(b) AB: cpistheliney=1-x .. dy=-dx

Because ¢ is the liney=1-x .. dy=-dx.

0
= {xzdx+21(1—x)dx}zr(x2+2x—2x2)dx
i 1

0 370
b |8 Tl ® o yps 8
(2x x)dx_[x 3}1_ 3 s ilh=

J1

(c) BO: c3isthelinex=0

Because forcz, x=0 .. dx=0 .. I3=JOdy=O s Is=0

Finally, =L +L+5=5-%+0=-1 THE S



Contoh 2:

Evaluate [ = i’» {xydx+(1+y")dy} where c is the boundary of the

C

rectangle joining A (1, 0), B (3, 0), C (3, 2) and D (1, 2).
First draw the diagram and insert ¢y, ¢, C3, C4.

Y
D C3 C
2 . c—— a—— a—
A Ca C,
A Cq B
O




I=f|;{x}fclx+[1 + y2) dy}

(a) AB: ¢; 15y =0

(b) BC: caisx=3 .. dr=0

L= J: (1+y*)dy = [H’?]:: 42

(c) CD: czisy=2 .. dy=0
1

1
f;:j iy — [ﬂ} __8
3

3

L dy=0 . E=0




Y
D C3 C
? -
1 = Cd- -E:.
A l Ca B
0 1 3

() DAS cilsx=1 ..da¥=0

0 0
I4=L(1+y2)dy= [)’4‘%3]2: -4%

I=0+1+I3+ 14

=0+45-8-43=-8 . I=-8
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Diferensial Eksak

0000
oX oY °2e
& &
€2 If I = J {Pdx + Qdy} and (Pdx + Qdy)
C
is an exaclt differential, then
Cq I, =1,
< X
Yy £
s If we reverse the direction of ¢z, then
Icl — _ICZ
i.e. Icl +IC2 — O
Cs
O

X

Hence, if (Pdx + Qdy) is an exact differential, then the integration taken
round a closed curve is zero.

. If (Pdx+ Qdy) is an exact differential, *(de +Qdy)=0



